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Under the historical definition of entanglement, namely that encountered in Einstein–
Podolski–Rosen (EPR)–type experiments, it is shown that a particular Slater deter-
minant is entangled. Thus a definition which holds that any Slater determinant is
unentangled, found in the literature, is inconsistent with the historical definition. A
generalization of the historical definition that embodies its meaning as quantum corre-
lation of observables, in the spirit of the work of many others, but is much simpler and
more physically transparent, is presented.
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The concept of entanglement is important to the conceptual structure of quantum
computation and information transfer, as seen by the many recent papers deal-
ing with it in this context, e.g., [1–11]. The term entanglement was coined by
Schro¨dinger [12] regarding the essentially non-classical behavior discussed in the
famous Gedanken experiment of Einstein, Podolski and Rosen (EPR). [13] The
original concept, as simplified by Bohm [14], is as follows. Consider two spin-1/2
particles, e.g. two atoms in a molecule or (I add) the two electrons in a He atom,
such that the system is initially in its ground state with total spin S = 0, i.e.
the singlet. Then the force that binds them together is removed, the particles
moving apart so that their interaction becomes negligible. Despite the latter, a
measurement of the spin of one of the particles (undeterminable before the mea-
surement!) will immediately predict what a spin measurement on the other one will
yield. These correlations differ markedly from those expected in classical mechan-
ics, where each spin can be known at all times. The essential difference is expressed
technically by the fact that quantum-mechanically the two spins can be correlated
in the usual sense, < sζ
1
sζ
2
> 6=< sζ
1
>< sζ
2
> (as in the singlet state). Whereas
classically < sζ
1
sζ
2
>=< sζ
1
>< sζ
2
>, the variables, accordingly, being said to be
uncorrelated. Here < · > denotes a pure state average. This is at one instant of
time, so, each spin classically having a definite value, averages of functions of the
spins are simply those functions. I.e., at a given time there are no fluctuations in
the variables, whereas quantum mechanically there are such fluctuations, even in a
pure state.) [9,16] The general idea of identifying entanglement with these quantum
correlations is widespread, e.g. see [2–5, 9–11,15].
The essential idea of this experiment can be simplified a bit further: There is
no need to consider the time evolution of the prepared state; one can consider mea-
surement immediately after the state is prepared. [15, p.148]. A further comment
is in order here, namely I have used sζ
1
and sζ
2
as observables; the fact that they are
not permutation symmetric, which will probably raise objections for the electron
example, will be justified below.
Until fairly recently, emphasis has been placed on the spin state, without regard
to the rest of the wave function. But the question of how the fermionic (or bosonic)
nature of particles tangles with the concept of entanglement has been discussed
more recently. Here I consider three modifications of the concept. Two of them,
due to Zanardi and coworkers [2–5], and to Barnum et al [9–11], have in common
that they apply both to spin systems and to indistinguishable particles, plus the
fact that an essential idea behind their definitions is entanglement depends on what
observables are being considered. The other, due to Schliemann et al. and Shi [6–8],
is specifically for fermions, and considers a state to be entangled or not, regardless
of the observables being measured. The latter definitions [6–8] have entanglement
depending only on whether the state is a single Slater determinant or not (see
below).
An important point of this paper is to note that definitions of entanglement that
are based on the determinantal criterion are inconsistent with the original concept.
Also we give and use in examples a definition that embodies the essential physics
of the historical concept, and is far simpler than the recent works cited.
A basic idea of the modifications [2–5, 9–11], as I understand them, is that
whether or not a given pure quantum state is entangled depends on what observables
are being considered as correlated or not. More precisely, a pure state ψ is entangled
with respect to observables A and B if they are correlated in that state, i.e. if
CψAB ≡< ψ|AB|ψ > − < ψ|A|ψ >< ψ|B|ψ > 6= 0; (1)
otherwise ψ is unentangled with respect to A and B. I’ll call this definition D. 1
Note: (i) CψAB = C
ψ
BA
∗
, so that this definition is independent of the order of A and B
insofar as its being zero or not. (ii) If ψ is an eigenstate of A, then it is unentangled
with respect to A and any other observable B; but ψ being an eigenstate of A
(or B) is not necessary for it to be unentangled with respect to A and B. (iii)
A and B need not commute. Under this definition, any pure state is unentangled
with respect to some observables. We will see that this mathematically very simple
definition corresponds quite directly to the essential measurements characterizing
EPR-type experiments.
1This is consistent with examples in [4,5], although there and in [9,10] the entanglement criterion
is expressed in different, mathematically quite complicated, terms, which I frankly do not follow
in detail. I will use the much simpler definition D, but will make contact with some results of [4]
(see the 2-site Hubbard model discussion below).
A familiar example from the spin-only class:
χ = [α↑(s1)α↓(s2)− α↓(s1)α↑(s2)]/
√
2; (2)
α↑(s) and α↓(s) are the familiar “spin-up” and “spin-down” states for a spin-1/2
particle. [To establish my notation: With zˆ a unit vector in the up direction,
sziασ(s) = σασ(s) where σ takes on numerical values ±1 corresponding to pictorial
values ↑, ↓; thus we take szi as having eigenvalues ±1, so our szi is what is commonly
called σzi . In the usual representation, the argument s takes on those eigenvalues.]
We see that this state χ is entangled with respect to sz1 and s
z
2 (and with respect
to sζ
1
and sζ
2
for any direction ζ), but is unentangled with respect to s2 and B,
where s = s1 + s2 is the total spin and B is an arbitrary observable. The historical
definition of entanglement is the same as this definition, with the restriction that
the observables be “local”, i.e. A refers to one particle and B to the other; s would
be called a global observable. The definition with respect to such global variables,
while possibly of interest for some purposes, removes the charm or “mystery” of the
historical view, which involves the idea of “spooky action-at-a- distance”. [17]
Shi [6], Schliemann et al. [7], and Eckert et al. [8] have defined entanglement
of fermions as follows: A state that is not a single Slater determinant (i.e. not
reducible to such a determinant), is entangled; any single Slater determinant is
unentangled. I will show that this definition is not a generalization of the earlier
concept, but rather is inconsistent with that concept. Note that any normalized
2-electron Slater determinant D is, by definition of the creation operators, a† and
b†
D = a†b†|0 >= 1√
2
Aa(ξ1)b(ξ2). (3)
A is the antisymmetrizer (Af(ξ1, ξ2) ≡ f(ξ1, ξ2)− f(ξ2, ξ1)), we can take ξi = ri, si
in the Schro¨dinger representation (ri is the position of the i
th particle), and a(·), b(·)
are orthonormal 1-electron states.
Consider the single determinant where a single spatial function u(r) (orbital) is
occupied by two electrons:
D0 = a
†
↑a
†
↓|0 >, (4)
where a†σ creates a particle in the state u(r)ασ(s). I consider the Schro¨dinger repre-
sentation, and will not distinguish between the state vector and this representation.
It is easy to see that
D0 = u(r1)u(r2)χ(s1, s2), (5)
where χ is the singlet (2). In form, D0 is seen to be the familiar Hartree–Fock ground
state of the He atom or the H2 molecule in the molecular orbital approximation.
Clearly
CD0sz
1
,sz
2
= −1, (6)
so that according to D, the single Slater determinant D0 is entangled (with respect
to sz
1
and sz
2
). Thus we’ve proved what we said we would, namely, the definition
in references [6–8] is inconsistent with D, which includes the historical definition of
entanglement.
But some questions need be asked. One concerns our use of sz
1
and sz
2
as ob-
servables, a usage proscribed by at least two authors: in [18, p. 388], and [15,
p. 127], it is stated that any observable for a system of identical particles must
be invariant under permutations of the particles. This has some force in view of
the agreed-upon fact that there is no way in principle to distinguish between such
particles in quantum mechanics. Following a suggestion of Birge [19], I considered
the z -component of the spin density
s(R) =
∑
i
szi δ(R− ri), (7)
which clearly satisfies the required symmetry. Of course (7) is related to the field
operators Ψˆσ(R) by s(R) = Ψˆ↑(R)
†Ψˆ↑(R)−Ψˆ↓(R)†Ψˆ↓(R). Taking the observables
as A = s(R), B = s(R′) with R 6= R′, yields the same conclusion: the correlation
CD0A,B 6= 0, so that the determinant D0 is entangled with respect to the spin density
at two different spatial points. Actually, this gives a way to closely mimic the EPR
experiment: there the measurement apparatus consists of two detectors, at positions
R and R′. And one accepts only coincidences where there’s a particle at R and
a particle at R′. Thus one measures the average < s(R)s(R′) > conditional on a
particle being at R the other one being at R′. In the state D0, one can see that
this average is just that < sz
1
sz
2
> calculated in (6) (which is independent of R and
R′). I add that the “mystery” is present in the sense that the distance |R − R′|
can be large enough to render any interactions negligible. 2
The fact that working with the properly symmetric operator (7) yields the same
result as treating the non-symmetric s1 and s2 as observables suggests that the
proscription against considering, in general, an operator that is not permutation
symmetric as an observable might be too strong. If one interprets r1, s
z
1
, not as the
position and spin of particle #1, but rather as the position and spin of a particle,
it seems that this might be acceptable, and consistent with other approaches. It
would be useful if so, since, as one can see, it is formally simpler than working
through the (symmetric) spin density.
Zanardi’s discussion of the 2-site Hubbard model [4] is consistent with definition
D. This is seen, e.g., when the interaction U = 0. The ground state is just (5), with
u(r) = [w1(r) + w2(r)]/
√
2, the bonding orbital; a†σ in (4) is 2
−1/2(c†
1σ + c
†
2σ)|0 >,
where c†iσ |0 >= wi(r)ασ, wi(r) being the Wannier function at site i. Thus, according
to D, D0 is unentangled with respect to e.g. the U = 0 Hamiltonian H0Hubb and any
other variable (which corresponds to Zanardi’s entropy S0 = 0 at U/4t = 0 in his
FIG. 1, Λ∗), but is entangled with respect to the two spins sζ
1
, sζ
2
(corresponding to
FIG. 1, Λ). Actually, for the purpose of the present paper, the main point is that
there are variables with respect to which this single determinant is entangled, rather
than the degree of entanglement, so that the particular choice of such variables is
beside the point. However, some preliminary results that show the possibility of
basing a definition of degree of entanglement on D are given in the Appendix.
Incidentally, Eq. (11) of [4] is incorrect; it is probably just a misprint, Eq. (12)
being correct for U = 0.
I have discussed only a particular Slater determinant (4), which is entangled
with respect to the two spins, unentangled with respect to the positions of the
particles. Instead, the determinant c†
1↑c
†
2↑|0 > is entangled with respect to the
2The short range interaction of neutrons might make them preferable for the experiment.
positions, unentangled wrt the spins. More general determinants will be entangled
with respect to both spins and positions. It is clear that a Slater determinant will
always be entangled with respect to to some “local” observables (i.e. A(p1, r1, s1)
and B(p2, r2, s2)), because the antisymmetry prohibits the determinant from being
a product of single-particle states. (p is linear momentum.) A question then is,
is it possible in any sense to talk about fermions entangled or not with respect to
such local observables? The answer is yes, under special conditions, by considering
mapping of the true fermion wave functions to non-fermion states. One example
is the familiar case of a collection of hydrogen atoms, or, simpler, Hubbard atoms,
when the overlap of the Wannier functions (or the hopping parameter t) is small
enough (but nonzero); then low-lying states are governed to a good approximation
by the Heisenberg Hamiltonian, and are in 1 − 1 correspondence with site-spin
states, and the latter have no permutation symmetry restrictions. Thus for some
observables (e.g. low-temperature thermodynamic properties), one can ascribe the
entanglement or lack thereof in spin states to the corresponding fermion states
(see [20]). An example where this correspondence is exact occurs if one is interested
only in “perfect half-swaps” (see [21]).
In summary, the definition of fermion entanglement that includes the statement,
any Slater determinant is unentangled, has been shown to be inconsistent with the
historical definition. This was done by pointing out that experimental investigation
of a particular Slater determinant (4) or (5) will lead to the EPR type of phenomena
wherein the famous peculiarly quantum correlations between the spin components
of the two “entangled” fermions occur. The discussion involved the spin density op-
erators at two widely separated spatial points, which formally served as observables
that showed the correlation effects. It allowed a close correspondence to the ac-
tual experiment, which measures the conditional average of the product of the spin
densities at the points of the measuring detectors, this conditional average being
identical to the average of the product of the spins of the two particles. Examples
given in the text and in the Appendix show that the question of whether a wave
function is a single determinant or not is irrelevant to the question of its entangle-
ment. It was noted that the definition D of entanglement adopted here is consistent
with the idea that a true generalization of the historical concept can be made such
that entanglement depends on the observables being considered. Furthermore, D
directly embodies the idea that entanglement means correlation of observables, and
is far simpler than other definitions which also embody this dependence on the ob-
servables being measured.
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Appendix: On the Degree of Entanglement.
A straightforward definition of the degree of entanglement EψAB , based on the pre-
vious discussion and definition D of whether or not a state is entangled, is simply
|CψAB |; preferable would be to normalize it by the maximum of |CφAB | over all states
φ of interest, which is what we suggest:
EψAB ≡ |CψAB|/max
φ
|CφAB |. (8)
Then 0 ≤ EψAB ≤ 1, putting this quantity on the same scale as the common defini-
tion via von Neumann entropy. [1]
To get a feeling for the physical significance of this (tentative) definition, we
apply it to the ground state Ψ of the 2-site 2-electron Hubbard model (following
Zanardi [4]), for various choices of A,B. We put U/(4t) = x, where U, t, both
≥ 0, are the Coulomb repulsion and hopping parameter. The maximization in the
denominator of (8) is over all φ in the (6-dimensional) space of 2-particle states
appropriate to the model. The calculation of all averages in Ψ is straightforward; I
found the calculation of the denominator in (8) not so straightforward.
(i) {A,B} = {sz1, sz2} (electron spins)
Since the ground state in this model is a product of a (symmetric) spatial state
and the singlet, it is obvious that < Ψ|sz1sz2|Ψ >=< χ|sz1sz2|χ >= −1 for all x.
Similarly < Ψ|szi |Ψ >= 0, so that
CΨsz
1
,sz
2
= −1, independent of x. (9)
One can see [22] that this gives the maximum of |Cφsz
1
,sz
2
|, so EΨsz
1
,sz
2
= 1 (Ψ maximally
entangled) for all x. (This includes x = 0 where Ψ is a single determinant, and, as
discussed above, is clearly appropriate to an EPR type experiment.)
(ii) {A,B} = {Sz
1
, Sz
2
} (site spins)
The site spins are rather standardly defined as
Szi = Ni↑ −Ni↓; (10)
Niσ = c
†
iσciσ are the site-spin occupation numbers. (Similar definitions are made
for the other components, of course.) One finds straightforwardly
CΨSz
1
,Sz
2
= − 1
1 + f(x)2
,
f(x) =
√
1 + x2 − x, (11)
and it can be shown [22] that maxφ|CφSz
1
,Sz
2
| = 1. (11) is the same as (9) for x→∞.
Interestingly, it differs for finite x, the largest difference, a factor of two, occurring
for x = 0. This raises the question, under what circumstances are the site spins
observed in experiment. In the usual derivation of the Heisenberg Hamiltonian (for
large x), the spins that appear are the site spins. (It should be realized that this is
a physics question, beyond any question of entanglement definition.)
(iii) {A,B} = {n↑, n↓} (bonding orbital occupation numbers)
With aσ ≡ (c1σ + c2σ)/
√
2, the bonding orbital occupation numbers are defined
as nσ = a
†
σaσ. One finds
EΨn↑,n↓ = 4g(x)[1− g(x)], (12)
where
g(x) =
[1 + f(x)]2
2[1 + f(x)2]
.
The normalizing maximum is 1/4. [22] We see that EΨn↑,n↓ = 0 at x = 0, as is
understandable since in this limit, the wave function, a Slater determinant, is an
eigenstate of both these observables. As in the discussion above of Zanardi’s ex-
ample, this noninteracting ground state is unentangled with respect to one set of
observables, but (maximally) entangled for the other set (sz1, s
z
2) considered. At the
other extreme, EΨn↑,n↓ → 1 as x → ∞. Thus, according to the definition (8), the
ground state is maximally entangled with respect to these “non-interacting occu-
pation numbers” in the strongly-interacting limit–quite reasonable.
(iv) {A,B} = {N1, N2} (site occupation numbers)
These are defined as Ni = Ni↑ +Ni↓. One finds easily
CΨN1,N2 = −
f(x)2
1 + f(x)2
. (13)
This → 0 as x → ∞, so the ground state in the strongly-interacting limit is unen-
tangled with respect to to these site variables. Again this is because this state is
an eigenstate of N1 and N2. Note that this state is not a single determinant, nor
can it be reduced to one. Thus we have another example of unentanglement of a
state that is not a single Slater determinant (the other obvious ones are Ψ for all
x > 0, with respect to s2 and B, arbitrary B). In the non-interacting limit the
magnitude of (13) is 1/2, showing that this state, a single determinant, is entangled
with respect to these observables, but not maximally. (The normalizing maximum
can be shown to be unity [22].)
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